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Abstract
Let T(n,d) be the set of trees on n vertices with diameter d. In this paper, the first
⌊
d
2
⌋
+ 1
spectral radii of trees in the set T(n,d) (3  d  n − 4) are characterized.
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1. Introduction
In this paper, we consider only connected finite graphs and, in particular, trees. Let
G = (V (G),E(G)) be a graph on vertex set V (G) = {v1, v2, . . . , vn}. Its adjacency
matrix is defined to be the n × n matrix A(G) = (aij ), where aij = 1 if vi is adjacent
to vj ; and aij = 0, otherwise. It follows immediately that if G is a simple graph, then
A(G) is a real symmetric (0, 1) matrix in which every diagonal entry is zero, all of
its eigenvalues are real. We assume, without loss of generality, that they are ordered
in nonincreasing order, i.e.,
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λ1(G)  λ2(G)  · · ·  λn(G),
and call λk(G) the kth largest eigenvalue of G. In particular, we call λ1(G) the
spectral radius of G. The characteristic polynomial of G is just det(xI − A(G)),
which is denoted by (G, x) or simply by (G).
Recently, many authors studied the spectral radius of a tree with some given invari-
ant, such as [4,9] etc. To classify and order graphs according to their eigenvalues is an
interesting problem proposed by Cvetkovic´ in [2]. In [7], Hofmeister has determined
the first five values of the spectral radius of trees with n vertices and the corresponding
trees for these values. In [3], Chang and Huang extend this order to the eighth tree.
In this paper, we give a new ordering for the trees with given diameter according to
their spectral radius. Let T(n,d) be the set of trees on n vertices with diameter d. For
the cases 3  d  n − 4, the first ⌊ d2⌋+ 1 spectral radii of trees in the set T(n,d) are
given, where
⌊
d
2
⌋
denotes the largest integer no more than d2 . In addition, for the
cases d = n − 3 and d = n − 2, the first ⌊ d2⌋− 1 and first ⌊ d2⌋ spectral radii of trees
in the set T(n,d) are also given, respectively.
2. Preliminaries
In this section, we list some known results which will be used in this paper.
Lemma 2.1 [1]. Let e = uv be an edge of a tree T . Then the characteristic polynomial
(T ) satisfies
(T ) = (T − e) − (T − u − v).
Lemma 2.2 [1]. Let v be a vertex of a tree T . Then the characteristic polynomial
(T ) satisfies
(T ) = x(T − v) −
∑
w
(T − v − w),
where the summation extends over those vertices w adjacent to v.
The following three results are attributed to Li and Feng [8].
Lemma 2.3. Let G be a connected graph, and let G′ be a proper subgraph of G.
Then
λ1(G) > λ1(G
′),
and for x  λ1(G),
(G′, x) > (G, x).
Lemma 2.4. Let v be a vertex in a graph G and suppose that two new paths P :
vv1v2 · · · vk and Q : vu1u2 · · · um of length k,m (k  m  1) are attached to G at
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v, respectively, to form a new graph Gk,m, where v1, v2, . . . , vk and u1, u2, . . . , um
are distinct new vertices. Then for x > λ1(Gk,m), we have
(Gk+1,m−1, x) > (Gk,m, x).
In particular,
λ1(Gk,m) > λ1(Gk+1,m−1).
Lemma 2.5. Let uv be an edge of a graph G, each of the vertices u and v has degree
at least 2, and suppose that two new paths P : uu1u2 · · · uk and Q : vv1v2 · · · vm of
length k,m (k  m  1) are attached to G at u and v, respectively, to form a new
graph Mk,m, where u1, u2, . . . , uk and v1, v2, . . . , vm are distinct new vertices. Then
for x > λ1(Mk,m), we have
(Mk+1,m−1, x) > (Mk,m, x).
In particular,
λ1(Mk,m) > λ1(Mk+1,m−1).
The following result can be found in [6].
Lemma 2.6. Let a = x+
√
x2−4
2 , b = x−
√
x2−4
2 . Then
(Pn) = 1√
x2 − 4 (a
n+1 − bn+1).
Proof. We prove this result by induction on n. If n = 1 or n = 2, the result is obvious.
Suppose that the result holds for n  2. Since by definition we have a2 − xa + 1 = 0
and b2 − xb + 1 = 0. We have from Lemma 2.1 that
(Pn+1)=x(Pn) − (Pn−1)
= 1√
x2 − 4 [x(a
n+1 − bn+1) − (an − bn)]
= 1√
x2 − 4 [a
n(xa − 1) − bn(xb − 1)]
= 1√
x2 − 4 (a
n+2 − bn+2).
The result follows. 
Lemma 2.7 [10]. Let e = uv be an edge of a tree T each of the vertices u and v
has degree at least two. Let T ′ be a tree obtained from T by deleting the edge e,
identifying the vertices u and v (suppose that the new vertex is still denoted by u),
and then attaching a new pendant edge uw at u. Then λ1(T ′) > λ1(T ).
By applying Lemma 2.7 several times, we can further obtain the following.
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Corollary 2.8. Let u be a vertex of a tree T and uv1, uv2, . . . , uvk are edges of T . Let
Ti be the connected component (which is of course a subtree of T ) of T − uvi contain-
ing the vertex vi (i = 1, . . . , k). Write |V (Ti)| = ni and n∗ = ∑ki=1 ni. Let T̂ be the
tree obtained from the subgraph of T induced by the vertex subset V (T )\⋃ki=1 V (Ti)
by attaching n∗ new pendant edges at the vertex u. Then we have λ1(T )  λ1(T̂ ),
with equality if and only if T̂ = T .
An internal path of a graph G is a sequence of vertices v1, v2, . . . , vk with k  2
such that:
(1) the vertices in the sequence are distinct (except possibly v1 = vk);
(2) vi is adjacent to vi+1 (i = 1, 2, . . . , k − 1);
(3) the vertex degrees d(vi) satisfy d(v1)  3, d(v2) = · · · = d(vk−1) = 2 (unless
k = 2) and d(vk)  3.
Let Wn be the tree on n vertices obtained from a path Pn−4 (of length n − 5) by
attaching two new pendant edges to each end vertex of Pn−4, respectively. In [5],
Hoffman and Smith obtained the following result:
Lemma 2.9. Suppose that G /= Wn and uv is an edge on an internal path of G.
Let Guv be the graph obtained from G by the subdivision of the edge uv (i.e., by
deleting the edge uv, adding a new vertex w and two new edges uw and wv). Then
λ1(Guv) < λ1(G).
Lemma 2.10 [4]. Let w and v be two distinct vertices in a connected graph G and
suppose that s new pendant edges {ww1, ww2, . . . , wws} are attached to G at w and
t new pendant edges {vv1, vv2, . . . , vvt } are attached to G at v to form a new graph
Fs,t . Then either
λ1(Fs+i,t−i ) > λ1(Fs,t ) for all 1  i  t,
or
λ1(Fs−i,t+i ) > λ1(Fs,t ) for all 1  i  s.
3. Main results
In this section, we will give the first
⌊
d
2
⌋+ 1 spectral radii of trees in the set
T(n,d) (3  d  n − 4). For this purpose, we first introduce several subsets (T ′(n,d),
T ∗(n,d) and T˜(n,d)) of the set T of trees.
Let n, d, i be integers with 2  i  d  n − 2. Let T(n,d)(i) be the tree on n
vertices (with diameter d) obtained from a path Pd+1 : v1v2 · · · vdvd+1 (of length d)
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by attaching n − d − 1 new pendant edges vivd+2, vivd+3, . . . , vivn to the vertex vi
(see Fig. 1). It is easy to see that
T(n,d)(i) = T(n,d)(d + 2 − i) (2  i  d).
Let
T ′(n,d) = {T(n,d)(i) : i = 2, 3, . . . , d}
be a subset of T(n,d) and let
T ′ = T(n,d)
(⌊
d
2
⌋
+ 1
)
.
Let T ∗(n,d)(i) (3  i  d − 1) be the tree on n vertices (with diameter d) ob-
tained from a path Pd+1 : v1v2 · · · vdvd+1 (of length d) by attaching a new path P3:
vivd+2vd+3 (of length 2) and n − d − 3 new pendant edges vivd+4, vivd+5, . . . , vivn
to the vertex vi , respectively (see Fig. 1). Then it is easy to see that
T ∗(n,d)(i) = T ∗(n,d)(d + 2 − i) (3  i  d − 1).
Let
T ∗(n,d) = {T ∗(n,d)(i) : i = 3, 4, . . . , d − 1}
be a subset of T(n,d) and let
T ∗ = T ∗(n,d)
(⌊
d
2
⌋
+ 1
)
.
Let T˜(n,d)(i) be the tree on n vertices (with diameter d) obtained from a path
Pd+1 : v1v2 · · · vi · · · vdvd+1 (of length d) and a star K1,n−d−2 by addition of an edge
joining the vertex vi (3  i  d − 1) of Pd+1 and the center vd+2 of the star K1,n−d−2
(see Fig. 2). Then it is easy to see that
T˜(n,d)(i) = T˜(n,d)(d − i + 2) for 3  i  d − 1.
Let
T˜(n,d) = {T˜(n,d)(i) : i = 3, 4, . . . , d − 1}
Fig. 1. T(n,d)(i) and T ∗(n,d)(i).
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Fig. 2. T˜(n,d)(i).
be a subset of T(n,d) and let
T˜ = T˜(n,d)
(⌊
d
2
⌋
+ 1
)
.
Lemma 3.1. For any 2  j < i 
⌊
d
2
⌋+ 1, we have λ1(T(n,d)(i)) > λ1(T(n,d)(j)).
Therefore, for any tree T ∈ T ′(n,d), λ1(T )  λ1(T ′), with equality up to isomorphism
if and only if T ∼= T ′.
Proof. In order to obtain the desired result, we only need to prove the case j =
i − 1. Take v = vi and take the two paths P = v1v2 · · · vi and Q = vivi+1 · · · vd+1
in Lemma 2.4, we obtain the desired result. 
Corollary 3.2. The first ⌊ d2⌋ spectral radii of trees in the set T(n,d) with n = d + 2
are as follows:
T ′ = T(n,d)
(⌊
d
2
⌋
+ 1
)
, T(n,d)
(⌊
d
2
⌋)
, . . . , T(n,d)(3), T(n,d)(2).
By similar reasoning as above, we obtain the following two results:
Lemma 3.3. For any 3  j < i 
⌊
d
2
⌋+ 1, we have λ1(T ∗(n,d)(i)) > λ1(T ∗(n,d)(j)).
Therefore, for any tree T ∈ T ∗(n,d), λ1(T )  λ1(T ∗), with equality up to isomorphism
if and only if T ∼= T ∗.
Lemma 3.4. For any 3  j < i 
⌊
d
2
⌋+ 1, we have λ1(T˜(n,d)(i)) > λ1(T˜(n,d)(j)).
Therefore, for any tree T ∈ T˜(n,d), λ1(T )  λ1(T˜ ), with equality up to isomorphism
if and only if T ∼= T˜ .
Lemma 3.5. For d  4, we have
λ1(T
∗) > λ1(T˜ ).
Proof. From Lemma 2.2, we have
(T˜ ) = 
(
T˜(n,d)
(⌊
d
2
⌋
+ 1
))
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= x
(
T˜ − v⌊ d
2
⌋
+1
)
− 
(
T˜ − v⌊ d
2
⌋
+1 − v⌊ d2 ⌋
)
−
(
T˜ − v⌊ d
2
⌋
+1 − v⌊ d2 ⌋+2
)
− 
(
T˜ − v⌊ d
2
⌋
+1 − vd+2
)
= xn−d−2(x2 − (n − d − 2))
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋)
−xn−d−3(x2 − (n − d − 2))
(
P⌊ d
2
⌋
−1
)

(
P
d−
⌊
d
2
⌋)
−xn−d−3(x2 − (n − d − 2))
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋
−1
)
−xn−d−2
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋) ,
while,
(T ∗) = 
(
T ∗(n,d)
(⌊
d
2
⌋
+ 1
))
= x
(
T ∗ − v⌊ d
2
⌋
+1
)
− 
(
T ∗ − v⌊ d
2
⌋
+1 − v⌊ d2 ⌋
)
−
(
T ∗ − v⌊ d
2
⌋
+1 − v⌊ d2 ⌋+2
)
− 
(
T ∗ − v⌊ d
2
⌋
+1 − vd+2
)
−(n − d − 3)
(
T ∗ − v⌊ d
2
⌋
+1 − vd+4
)
= xn−d−2(x2 − 1)
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋)
−xn−d−3(x2 − 1)
(
P⌊ d
2
⌋
−1
)

(
P
d−
⌊
d
2
⌋)
−xn−d−3(x2 − 1)
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋
−1
)
−xn−d−2
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋)
−(n − d − 3)xn−d−4(x2 − 1)
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋) .
Then, for x  2, we have
(T˜ ) − (T ∗)
= (d + 3 − n)xn−d−2
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋)
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+(n − d − 3)xn−d−3
(
P⌊ d
2
⌋
−1
)

(
P
d−
⌊
d
2
⌋)
+(n − d − 3)xn−d−3
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋
−1
)
+(n − d − 3)xn−d−4(x2 − 1)
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋)
= (n − d − 3)xn−d−3
(
P⌊ d
2
⌋
−1
)

(
P
d−
⌊
d
2
⌋)
+(n − d − 3)xn−d−3
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋
−1
)
−(n − d − 3)xn−d−4
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋)
= (n − d − 3)xn−d−4
[
x
(
P⌊ d
2
⌋
−1
)

(
P
d−
⌊
d
2
⌋)
+x
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋
−1
)
− 
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋)]
= (n − d − 3)xn−d−4
[
x
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋
−1
)
+
(
P⌊ d
2
⌋
−2
)

(
P
d−
⌊
d
2
⌋)] > 0.
We have λ1(T ∗) > λ1(T˜ ). The proof is complete. 
Let n, d, i, j be integers with i /= j and 2  i, j  d  n − 3. Next, we introduce
another subset T ′′(n,d) of the set T(n,d) of trees. Let T(n,d)(i, j) be the tree on n
vertices (with diameter d) obtained from a path Pd+1 : v1v2 · · · vdvd+1 (of length d)
by attaching n − d − 2 new pendant edges vivd+2, vivd+3, . . . , vivn−1 to vi and a
new pendant edge vjvn to vj , respectively (see Fig. 3). It is obvious that
T(n,d)(i, j) = T(n,d)(d + 2 − i, d + 2 − j) (2  i, j  d).
So without loss of generality, we may always assume in the following that i < j
for T(n,d)(i, j). Let
T ′′(n,d) = {T(n,d)(i, j) : 2  i < j  d}
be a subset of T(n,d) and let
T ′′ = T(n,d)
(⌊
d
2
⌋
+ 1,
⌊
d
2
⌋
+ 2
)
.
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Fig. 3. T(n,d)(i, j)
From the definition of T(n,d)(i, j), it is easy to see that Wn = T(n,d)(2, d) when
d = n − 3 (where Wn is defined in Section 2).
Lemma 3.6. For any 2  i < j  d, we have
λ1(T(n,d)(i, j))  λ1(T ′′).
For n  d + 4, equality holds if and only if i = ⌊ d2⌋+ 1 and j = ⌊ d2⌋+ 2.
Proof. If n = 6, the result is obvious. Now, we assume that n  7. If T(n,d)(i, j) =
Wn, since λ1(Wn) = 2 for n  6 (see, [1, p. 77]), we conclude from Lemma 2.3
that λ1(T ′′) > λ1(T(6,3)(2, 3)) = λ1(Wn) for n  7. So, we can further assume that
T(n,d)(i, j) /= Wn. Firstly, we prove that
λ1(T(n,d)(i, j)) < λ1(T(n,d)(i, j − 1)) (for j > i + 1).
Let G = T(n−1,d−1)(i, j − 1). Then G is a proper subgraph of T(n,d)(i, j − 1).
Also, the graph T(n,d)(i, j) can be obtained from G by the subdivision of the edge
vivi+1 in an internal path vivi+1 · · · vj−1 of G. So by using Lemma 2.9 (since
T(n,d)(i, j) /= Wn implies G /= Wn−1) and Lemma 2.3, we have
λ1(T(n,d)(i, j)) < λ1(G) < λ1(T(n,d)(i, j − 1)) (for j > i + 1).
Thus by induction on j − i, we finally have
λ1(T(n,d)(i, j)) < λ1(T(n,d)(i, i + 1)) (for j > i + 1). (3.1)
If d is odd, then by using Lemma 2.5 for two vertices vi, vi+1 and the two paths
vivi−1 · · · v1 and vi+1 · · · vd+1, we have
λ1(T(n,d)(i, i + 1)) < λ(T ′′)
(
i /=
⌊
d
2
⌋
+ 1
)
. (3.2)
So the result follows from (3.1) and (3.2).
If d is even, then by using Lemma 2.5 for two vertices vi, vi+1 and the two paths
vivi−1 · · · v1 and vi+1 · · · vd+1, we can only have
λ1(T(n,d)(i, i + 1)) < max
{
λ1(T
′′), λ1
(
T(n,d)
(
d
2
,
d
2
+ 1
))}
. (3.3)
If n = d + 3, then we obviously have
T ′′ = T(n,d)
(
d
2
,
d
2
+ 1
)
.
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So the result follows from (3.1) and (3.3). So we can assume n  d + 4 and we need
only to prove that
λ1(T
′′) > λ1
(
T(n,d)
(
d
2
,
d
2
+ 1
))
(d is even and n  d + 4).
From Lemma 2.2, we have
(T ′′) = x
(
T
′′ − v d
2 +1
)
−
(
T ′′ − v d
2 +1 − v d2
)
−
(
T ′′ − v d
2 +1 − v d2 +2
)
−
n−1∑
i=d+2

(
T ′′ − v d
2 +1 − vi
)
= xn−d−1
(
Pd
2
)

(
Pd
2 +1
)
− xn−d−2
(
Pd
2 −1
)

(
Pd
2 +1
)
−xn−d−1
(
Pd
2
)

(
Pd
2 −1
)
− (n − d − 2)xn−d−3
(
Pd
2
)

(
Pd
2 +1
)
.
We also have

(
T(n,d)
(
d
2
,
d
2
+ 1
))
= x
(
T(n,d)
(
d
2
,
d
2
+ 1
)
− v d
2
)
−
(
T(n,d)
(
d
2
,
d
2
+ 1
)
− v d
2
− v d
2 +1
)
−
(
T(n,d)
(
d
2
,
d
2
+ 1
)
− v d
2
− v d
2 −1
)
−
n−1∑
i=d+2

(
T(n,d)
(
d
2
,
d
2
+ 1
)
− v d
2
− vi
)
= xn−d−1
(
Pd
2 −1
)

(
Pd
2 +2
)
− xn−d−1
(
Pd
2 −1
)

(
Pd
2
)
−xn−d−2
(
Pd
2 +2
)

(
Pd
2 −2
)
−(n − d − 2)xn−d−3
(
Pd
2 −1
)

(
Pd
2 +2
)
.
Thus, by using the formula for (Pn) given in Lemma 2.6, we have
(T ′′) − 
(
T(n,d)
(
d
2
,
d
2
+ 1
))
= xn−d−1
(

(
Pd
2
)

(
Pd
2 +1
)
− 
(
Pd
2 −1
)

(
Pd
2 +2
))
+xn−d−2
(

(
Pd
2 +2
)

(
Pd
2 −2
)
− 
(
Pd
2 −1
)

(
Pd
2 +1
))
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+(n − d − 2)xn−d−3
(

(
Pd
2 −1
)

(
Pd
2 +2
)
− 
(
Pd
2
)

(
Pd
2 +1
))
= x
n−d−1
x2 − 4 (a
3 + b3 − a − b) + x
n−d−2
x2 − 4 (a
2 + b2 − a4 − b4)
+ (n − d − 2)x
n−d−3
x2 − 4 (a + b − a
3 − b3)
= x
n−d−3
x2 − 4 [x
2(a3 + b3 − a − b) + x(a2 + b2 − a4 − b4)
+(n − d − 2)(a + b − a3 − b3)]
= x
n−d−3
x2 − 4 [(a − b)
2(a + b)(x2 − (n − d − 2))
−(a − b)2(b2 + a2 + 1)x]
= xn−d−2(d + 3 − n),
which is negative for x > 0 and n  d + 4.
So we have
λ1(T
′′) > λ1
(
T(n,d)
(
d
2
,
d
2
+ 1
))
for d is even and n  d + 4, and the result follows from (3.1) and (3.3). 
Lemma 3.7. For n  d + 3  7, we have
λ1(T
′′) > λ1(T ∗).
Proof. We have from Lemma 2.1 that
(T ′′) = 
(
T ′′ − v⌊ d
2
⌋
+2vn
)
− 
(
T ′′ − v⌊ d
2
⌋
+2 − vn
)
,
while
(T ∗) = (T ∗ − vd+2vd+3) − (T ∗ − vd+2 − vd+3).
Since
T ′′ − v⌊ d
2
⌋
+2vn = T(n−1,d)
(⌊
d
2
⌋
+ 1
)
= T ∗ − vd+2vd+3
and T ′′ − v⌊ d
2
⌋
+2 − vn is a proper spanning subgraph of T ∗ − vd+2 − vd+3.
We have from Lemma 2.3 that
(T ′′) < (T ∗)
for x  λ1(T ∗ − vd+2 − vd+3), thus for x  λ1(T ∗).
So, we have
λ1(T
′′) > λ1(T ∗). 
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Lemma 3.8. For any tree T ∈ T(n,d)\{T ′(n,d) ∪ T ′′} with n  d + 4 and d  3, we
have λ1(T ) < λ1(T ′′).
Proof. Since T ∈ T(n,d), without loss of generality, we may assume that there exists
a path, say Pd+1 : v1v2 · · · vdvd+1, of length d of T and d(v1) = d(vd+1) = 1. Since
n  d + 4, there exists at least one vertex, say vi (2  i  d), such that d(vi)  3.
Now, we distinguish the following two cases:
Case 1. There exist at least two distinct vertices of v2, v3, . . . , vd (say, vi1 , . . . , vik
with k  2) having degree at least 3. By applying Corollary 2.8 to each vertex vij of
T , j = 1, . . . , k, we can obtain a tree T1 which is obtained from Pd+1 by attaching
suitable stars at the vertices vi1 , . . . , vik such that
λ1(T )  λ1(T1) (3.4)
with equality if and only if T1 ∼= T .
By applying Lemma 2.10 several times to T1, we can further obtain a tree T2 which
is of the similar type as T1 in the special case k = 2 such that
λ1(T1)  λ1(T2) (3.5)
with equality if and only if T2 ∼= T1.
Finally, applying Lemma 2.10 once more to T2, we can obtain a tree T3 in T ′′(n,d)
such that
λ1(T2)  λ1(T3) (3.6)
with equality if and only if T3 ∼= T2.
Now from Lemma 3.6 and the hypothesis n  d + 4, we have
λ1(T3)  λ1(T ′′) (3.7)
with equality if and only if T3 ∼= T ′′.
Combining (3.4)–(3.7), we have λ1(T )  λ1(T ′′), with equality if and only if
T ∼= T ′′. But T /= T ′′ by hypothesis, so we have λ1(T ) < λ1(T ′′) as desired.
Case 2. There exists exactly one vertex in {v2, . . . , vd}, say vi (3  i  d − 1),
having degree d(vi)  3. Let w1, . . . , ws be all the vertices outside the path Pd+1
which are adjacent to vi , among which w1, . . . , wr are of degree at least two and
wr+1, . . . , ws are pendant vertices. Then r  1 since T is not in T ′(n,d) by hypothesis.
Further, we have d  4.
By using Corollary 2.8 to each vertex wj (j = 1, . . . , r) of T , we can obtain a
tree T1 obtained from Pd+1 + viw1 + · · · + viws by attaching suitable stars at the
vertices w1, . . . , wr such that
λ1(T )  λ1(T1). (3.8)
Now by applying Lemma 2.10 several times to T1, we can obtain a tree T2 either
in T ∗(n,d) or in T˜(n,d) such that
λ1(T1)  λ1(T2). (3.9)
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If T2 ∈ T ∗(n,d), then from Lemmas 3.3, 3.7 and (3.8), (3.9) we have
λ1(T )  λ1(T1)  λ1(T2)  λ1(T ∗) < λ1(T ′′)
as desired.
If T2 ∈ T˜(n,d), then from Lemmas 3.4, 3.5, 3.7 and (3.8), (3.9) we have
λ1(T )  λ1(T1)  λ1(T2)  λ1(T˜ ) < λ1(T ∗) < λ1(T ′′).
This completes the proof. 
Now, we can give the main result of this paper.
Theorem 3.9. The first ⌊ d2⌋+ 1 spectral radii of trees in the set T(n,d) with n  d + 4
and d  3 are as follows:
T ′ = T(n,d)
(⌊
d
2
⌋
+ 1
)
, T(n,d)
(⌊
d
2
⌋)
, . . . , T(n,d)(3), T(n,d)(2), T ′′.
Proof. From Lemma 3.1, we have
λ1(T
′) > λ1
(
T(n,d)
(⌊
d
2
⌋))
> · · · > λ1(T(n,d)(3)) > λ1(T(n,d)(2)).
So from Lemma 3.8, we only need to prove that
λ1(T(n,d)(2)) > λ1(T ′′)
for n  d + 4  7.
Since n  d + 4 and λ1(T(7,3)(2)) ≈ 2.288 >
√
5 ≈ 2.236, we have from Lemma
2.3 that λ1(T(n,d)(2)) >
√
5, for n  7.
From Lemma 2.1, we have
(T ′′) = xn−d−1(Pd+1) − (n − d − 2)xn−d−3
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋
+1
)
−xn−d−2
(
P⌊ d
2
⌋
+1
)

(
P
d−
⌊
d
2
⌋
−1
)
, (3.10)
while
(T(n,d)(2)) = xn−d−1(Pd+1) − (n − d − 1)xn−d−1(Pd−1).
Then, we have
(T ′′) − (T(n,d)(2))
= (n − d − 1)xn−d−1(Pd−1) − xn−d−2
(
P⌊ d
2
⌋
+1
)

(
P
d−
⌊
d
2
⌋
−1
)
−(n − d − 2)xn−d−3
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋
+1
)
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= (n − d − 2)xn−d−3
[
x2(Pd−1) − 
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋
+1
)]
+xn−d−2
[
x(Pd−1) − 
(
P⌊ d
2
⌋
+1
)

(
P
d−
⌊
d
2
⌋
−1
)]
. (3.11)
In the following, we prove that for x >
√
5, the right side of (3.11) is positive.
Note that for x > 3
√
2
2 ≈ 2.121, and a = x+
√
x2−4
2 , we have
x2
√
x2 − 4 − a3 = x
2√x2 − 4 − x3 + 3x + √x2 − 4
2
>
x(x
√
x2 − 4 − x2 + 3)
2
> 0.
So the right side of (3.11)
= (n − d − 2)x
n−d−3
x2 − 4
[
x2
√
x2 − 4(ad − bd) −
(
a
⌊
d
2
⌋
+1 − b
⌊
d
2
⌋
+1
)
×
(
a
d−
⌊
d
2
⌋
+2 − bd−
⌊
d
2
⌋
+2
)]
+x
n−d−2
x2 − 4
[
x
√
x2 − 4(ad − bd) −
(
a
⌊
d
2
⌋
+2 − b
⌊
d
2
⌋
+2
)
×
(
a
d−
⌊
d
2
⌋
− bd−
⌊
d
2
⌋)]
= (n − d − 2)x
n−d−3
x2 − 4
[
x2
√
x2 − 4(ad − bd) − ad+3 − bd+3
+ad−2
⌊
d
2
⌋
+1 + bd−2
⌊
d
2
⌋
+1
]
+x
n−d−2
x2 − 4
[
x
√
x2 − 4(ad − bd) − ad+2 − bd+2
+a2
⌊
d
2
⌋
−d+2 + b2
⌊
d
2
⌋
−d+2
]
>
(n − d − 2)xn−d−3
x2 − 4
[
ad
(
x2
√
x2 − 4 − a3
)
−x2
√
x2 − 4bd + ad−2
⌊
d
2
⌋
+1
]
+x
n−d−2
x2 − 4
[
ad
(
x
√
x2 − 4 − a2
)
− x
√
x2 − 4bd + a2
⌊
d
2
⌋
−d+2
]
>
(n − d − 2)xn−d−3
x2 − 4 (a
d − bd)
(
x2
√
x2 − 4 − a3
)
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+x
n−d−2
x2 − 4 (a
d − bd)
(
x
√
x2 − 4 − a2
)
= x
n−d−3(ad − bd)
x2 − 4
[
(n − d − 2)
(
x2
√
x2 − 4 − a3
)
+ x2
√
x2 − 4 − xa2
]
>
xn−d−3(ad − bd)
x2 − 4
(2 (x2√x2 − 4 − x3 + 3x + √x2 − 4)
2
+x
2√x2 − 4 − x3 + 2x
2
)
= x
n−d−3(ad − bd)
x2 − 4 ·
3x2
√
x2 − 4 − 3x3 + 8x + 2√x2 − 4
2
> 0
for x >
√
5.
Thus, we have for x  (T(n,d)(2)) >
√
5,
(T ′′) > (T(n,d)(2)).
So,
λ1(T(n,d)(2)) > λ1(T ′′).
The proof is complete. 
Finally, we settle the case n = d + 3.
Theorem 3.10. The first ⌊ d2⌋− 1 spectral radii of trees in the set T(n,d) with n =
d + 3 and d  4 are as follows:
T ′ = T(n,d)
(⌊
d
2
⌋
+ 1
)
, T(n,d)
(⌊
d
2
⌋)
, . . . , T(n,d)(3).
Proof. From Corollary 3.2 and Lemmas 3.6 and 3.7, we only need to prove that
λ1(T(n,d)(3)) > λ1(T ′′)
for n = d + 3 and d  4.
If 7  n  9, it is easy to see that the result holds from the tables of the graph
spectra in [1]. We now assume that n  10. For n = d + 3, we have from Lemma 2.1
that
(T(n,d)(3)) = x2(Pd+1) − 2x(P2)(Pd−2).
Thus, combining this with (3.10), we have
(T(n,d)(3)) − (T ′′)
= 
(
P⌊ d
2
⌋)(P
d−
⌊
d
2
⌋
+1
)
+ x
(
P⌊ d
2
⌋
+1
)

(
P
d−
⌊
d
2
⌋
−1
)
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−2x(P2)(Pd−2)
= 1
x2 − 4
[(
a
⌊
d
2
⌋
+1 − b
⌊
d
2
⌋
+1
)(
a
d−
⌊
d
2
⌋
+2 − bd−
⌊
d
2
⌋
+2
)
+x
(
a
⌊
d
2
⌋
+2 − b
⌊
d
2
⌋
+2
)(
a
d−
⌊
d
2
⌋
− bd−
⌊
d
2
⌋)
−2x(a3 − b3)(ad−1 − bd−1)
]
= 1
x2 − 4
[(
ad+3 − bd+3 − a
⌊
d
2
⌋
+1
b
d−
⌊
d
2
⌋
+2 − ad−
⌊
d
2
⌋
+2
b
⌊
d
2
⌋
+1
)
+x
(
ad+2 + bd+2 − a
⌊
d
2
⌋
+2
b
d−
⌊
d
2
⌋
− ad−
⌊
d
2
⌋
b
⌊
d
2
⌋
+2
)
−2x(ad+2 + bd+2 − a3bd−1 − ad−1b3)
]
= 1
x2 − 4
[
ad+2(a − x) + bd+2(b − x) − bd−2
⌊
d
2
⌋
+1 − ad−2
⌊
d
2
⌋
+1
−xad−2
⌊
d
2
⌋
−2 − xbd−2
⌊
d
2
⌋
−2 + 2xad−4 + 2xbd−4
]
= 1
x2 − 4
[
−ad+1 − bd+1 − bd−2
⌊
d
2
⌋
+1 − ad−2
⌊
d
2
⌋
+1 − xad−2
⌊
d
2
⌋
−2
−xbd−2
⌊
d
2
⌋
−2 + 2xad−4 + 2xbd−4
]
<
1
x2 − 4 (−a
d+1 + 2xad−4)
= −a
d−4
2(x2 − 4)
(
x5 + x4
√
x2 − 4 − 5x3 + x − 3x2
√
x2 − 4 +
√
x2 − 4
)
<
−ad−4
2(x2 − 4)
(
x3 + x2
√
x2 − 4 − 5x − 3
√
x2 − 4
)
< 0
for x  λ1(T ′′)  λ1(T(10,7)(4, 5)) ≈ 2.127 > 3
√
2
2 ≈ 2.121.
Thus, we have
λ1(T(n,d)(3)) > λ1(T ′′)
for n = d + 3  7. The proof is complete. 
Finally, we would like to point out that the following well-known result: “Among
all the trees with n vertices, the star K1,n−1 has the largest spectral radius.” is now an
J.-M. Guo, J.-Y. Shao / Linear Algebra and its Applications 413 (2006) 131–147 147
easy consequence of our results. Indeed, if we simply denote the tree T(n,d)( d2 	 + 1)
by G(n, d), then by using Lemma 2.4 it is easy to show that
λ1(G(n, d))  λ1(G(n, d − 1)) (3  d  n − 1).
So G(n, 2) = K1,n−1 has the largest spectral radius.
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